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Abstract. We have characterized an intra-regular Γ-AG∗∗-groupoids by using
the properties of Γ-ideals (left, right, two-sided ), Γ-interior, Γ-quasi, Γ-bi and
Γ-generalized bi and Γ-(1, 2)). We have prove that all the Γ-ideals coincides in
an intra-regular Γ-AG∗∗-groupoids. It has been examined that all the Γ-ideals of
an intra-regular Γ-AG∗∗-groupoids are Γ-idempotent. In this paper we define all
Γ-ideals in Γ-AG∗∗-groupoids and we generalize some results.
Keywords. Γ-AG-groupoid, intra-regular Γ-AG∗∗-groupoid and Γ-(1, 2)-ideals.
Introduction
The idea of generalization of commutative semigroup was introduced in 1972,
they named it as left almost semigroup (LA-semigroup in short)(see [3]). It is also
called an Abel-Grassmann’s groupoid (AG-groupoid in short) [12]. In this paper
we will call it an AG-groupoid.
This structure is closely related with a commutative semigroup because if an
AG-groupoid contains a right identity, then it becomes a commutative monoid [8].
A left identity in an AG-groupoid is unique [8]. It is a mid structure between a
groupoid and a commutative semigroup with wide range of applications in theory
of flocks [11]. Ideals in AG-groupoids have been discussed in [8], [15], [5] and [9].
In 1981. the notion of Γ-semigroups was introduced by M. K. Sen [6] and [7]
In this paper, we have introduced the notion of Γ-AG∗∗-groupoids. Γ-AG-
groupoids is the generalization of Γ-AG-groupoids. Here, we explore all basic
Γ-ideals, which includes Γ-ideals (left, right,two-sided ), Γ-interior, Γ-quasi, Γ-bi,
Γ-generalized bi and Γ-(1, 2)).
Definition 1. Let S and Γ be two non-empty sets, then S is said to be a Γ-AG-
groupoid if there exist a mapping S × Γ × S → S, written (x, γ, y) as xγy, such
that S satisfies the left invertive law, that is
(1) (xγy) δz = (zγy) δx, for all x, y, z ∈ S and γ, δ ∈ Γ.
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Definition 2. A Γ-AG-groupoid S is called a Γ-medial if it satisfies the medial
law, that is
(2) (xαy)β (lγm) = (xαl)β (yγm) , for all x, y, l,m ∈ S and α, β, γ ∈ Γ
Definition 3. A Γ-AG-groupoid S is called a Γ-AG∗∗-groupoid if it satisfy the
following law
(3) aα(bβc) = bα(aβc), for all a, b, c ∈ S and α, β ∈ Γ.
Definition 4. A Γ-AG-groupoid∗∗ S is called a Γ-paramedial if it satisfies the
paramedial law, that is
(4) (xαy)β (lγm) = (mαl)β (yγx) , for all x, y, l,m ∈ S and α, β, γ ∈ Γ.
Definition 5. Let S be a Γ-AG-groupoid, a non-empty subset A of S is called
Γ-AG-subgroupoid if aγb ∈ A for all a, b ∈ A and γ ∈ Γ or A is called Γ-AG-
subgroupoid if AΓA ⊆ A.
Definition 6. A subset A of a Γ-AG-groupoid S is called left(right) Γ-ideal of S if
SΓA ⊆ A (AΓS ⊆ A) and A is called Γ-ideal of S if it is both left and right Γ-ideal.
Definition 7. A Γ-AG-subgroupoid A of a Γ-AG-groupoid S is called a Γ-bi-ideal
of S if (AΓS) ΓA ⊆ A.
Definition 8. A Γ-AG-subgroupoid A of a Γ-AG-groupoid S is called a Γ-interior
ideal of S if (SΓA) ΓS ⊆ A.
Definition 9. A Γ-AG-groupoid A of a Γ-AG-groupoid S is called a Γ-quasi-ideal
of S if SΓA ∩AΓS ⊆ A.
Definition 10. A Γ-AG-subgroupoid A of a Γ-AG-groupoid S is called a Γ-(1, 2)-
ideal of S if (AΓS) ΓA2 ⊆ A.
Definition 11. A Γ-ideal P of a Γ-AG-groupoid S is called Γ-prime(Γ-semiprime)
if for any Γ-ideals A and B of S, AΓB ⊆ P (AΓA ⊆ P ) implies either A ⊆ P or
B ⊆ P (A ⊆ P ) .
Definition 12. An element a of an Γ-AG-groupoid S is called an intra-regular if
there exists x, y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa))γy and S is called an
intra-regular Γ-AG-groupoid S, if every element of S is an intra-regular.
Example 1. Let S and Γ be two non-empty sets, then S is said to be a Γ-AG-
groupoid if there exist a mapping S × Γ × S → S, written (x, γ, y) as xγy, such
that S = S = {a, b, c, d, e}
. a b c d e
a a a a a a
b a b c d e
c a e b c d
d a d e b c
e a c d e b
Clearly S is an intra-regular because, a = (aβa2)γa, b = (cβb2)γe, c = (dβc2)γe,
d = (cβd2)γc, e = (bβe2)γe.
Note that in a Γ-AG-groupoid S with left identity, S = SΓS.
Theorem 1. A Γ-AG∗∗-groupoid S is an intra-regular Γ-AG∗∗-groupoid if SΓa = S
or aΓS = S holds for all a ∈ S.
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Proof. Let S be a Γ-AG∗∗-groupoid such that SΓa = S holds for all a ∈ S, then
S = SΓS. Let a ∈ S and therefore, by using (2), we have
a ∈ S = (SΓS)ΓS = ((SΓa)Γ(SΓa))ΓS = ((SΓS)Γ(aΓa))ΓS
⊆ (SΓa2)ΓS.
Which shows that S is an intra-regular Γ-AG∗∗-groupoid.
Let a ∈ S and assume that aΓS = S holds for all a ∈ S, then by using (1), we
have
a ∈ S = SΓS = (aΓS)ΓS = (SΓS)Γa = SΓa.
Thus SΓa = S holds for all a ∈ S and therefore it follows from above that S is an
intra-regular. 
Corollary 1. If S is a Γ-AG∗∗-groupoid such that aΓS = S holds for all a ∈ S,
then SΓa = S holds for all a ∈ S.
Theorem 2. If S is an intra-regular Γ-AG∗∗-groupoid, then (BΓS)ΓB = B ∩ S,
where B is a Γ-bi-(Γ-generalized bi-) ideal of S.
Proof. Let S be an intra-regular Γ-AG∗∗-groupoid, then clearly (BΓS)ΓB ⊆ B∩S.
Now let b ∈ B ∩ S which implies that b ∈ B and b ∈ S, then since S is an
intra-regular Γ-AG∗∗-groupoid so there exists x, y ∈ S and α, β, γ ∈ Γ such that
b = (xα(bβb))γy. Now by using (3), (1), (4) and (2), we have
b = (xα(bβb))γy = (bα(xβb))γy = (yα(xβb))γb
= (yα(xβ((xα(bβb))γy)))γb = (yα((xα(bβb))β(xγy)))γb
= ((xα(bβb))α(yβ(xγy)))γb = (((xγy)αy)α((bβb)βx))γb
= ((bβb)α(((xγy)αy)βx))γb = ((bβb)α((xαy)β(xγy)))γb
= ((bβb)α((xαx)β(yγy)))γb = (((yγy)β(xαx))α(bβb))γb
= (bα(((yγy)β(xαx))βb))γb ∈ (BΓS)ΓB.
Which shows that (BΓS)ΓB = B ∩ S. 
Corollary 2. If S is an intra-regular Γ-AG∗∗-groupoid, then (BΓS)ΓB = B, where
B is a Γ-bi-(Γ-generalized bi-) ideal of S.
Theorem 3. If S is an intra-regular Γ-AG∗∗-groupoid, then (SΓB)ΓS = S ∩ B,
where B is a Γ-interior ideal of S.
Proof. Let S be an intra-regular Γ-AG∗∗-groupoid, then clearly (SΓB)ΓS ⊆ S∩B.
Now let b ∈ S ∩ B which implies that b ∈ S and b ∈ B, then since S is an
intra- regular Γ-AG∗∗-groupoid so there exists x, y ∈ S and α, γ, δ ∈ Γ such that
b = (xα(bδb))γy. Now by using (3), (1) and (4), we have
b = (xα(bδb))γy = (bα(xδb))γy = (yα(xδb))γb
= (yα(xδb))γ((xα(bδb))γy) = (((xα(bδb))γy)α(xδb))γy
= ((bγx)α(yδ(xα(bδb))))γy = (((yδ(xα(bδb)))γx)αb)γy ∈ (SΓB)ΓS.
Which shows that (SΓB)ΓS = S ∩B. 
Corollary 3. If S is an intra-regular Γ-AG∗∗-groupoid, then (SΓB)ΓS = B, where
B is a Γ-interior ideal of S.
Lemma 1. If S is an intra-regular regular Γ-AG∗∗-groupoid, then S = SΓS.
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Proof. It is simple. 
Lemma 2. A subset A of an intra-regular Γ-AG∗∗-groupoid S is a left Γ-ideal if
and only if it is a right Γ-ideal of S.
Proof. Let S be an intra-regular Γ-AG∗∗-groupoid and let A be a right Γ-ideal of
S, then AΓS ⊆ A. Let a ∈ A and since S is an intra-regular Γ-AG∗∗-groupoid so
there exists x, y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa))γy. Let p ∈ SΓA and
δ ∈ Γ, then by using (3), (1) and (4), we have
p = sψa = sψ((xβ(aδa))γy) = (xβ(aδa))ψ(sγy) = (aβ(xδa))ψ(sγy)
= ((sγy)β(xδa))ψa = ((aγx)β(yδs))ψa = (((yδs)γx)βa)ψa
= (aβa)ψ((yδs)γx) = (xβ(yδs))ψ(aγa) = aψ((xβ(yδs))γa) ∈ AΓS ⊆ A.
Which shows that A is a left Γ-ideal of S.
Let A be a left Γ-ideal of S, then SΓA ⊆ A. Let a ∈ A and since S is an
intra-regular Γ-AG∗∗-groupoid so there exists x, y ∈ S and β, γ, δ ∈ Γ such that
a = (xβ(aδa))γy. Let p ∈ AΓS and δ ∈ Γ, then by using (1) and (4), we have
p = aψs = ((xβ(aδa)γy)ψs = (sγy)ψ(xβ(aδa)) = ((aδa)γx)ψ(yβs)
= ((yβs)γx)ψ(aδa) = (aγa)ψ(xδ(yβs)) = ((xδ(yβs))γa)ψa ∈ SΓA ⊆ A.
Which shows that A is a right Γ-ideal of S. 
Theorem 4. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-bi-(Γ-generalized bi-) ideal of S.
(ii) (AΓS)ΓA = A and AΓA = A.
Proof. (i) =⇒ (ii) : Let A be a Γ-bi-ideal of an intra-regular Γ-AG∗∗-groupoid S,
then (AΓS)ΓA ⊆ A. Let a ∈ A, then since S is an intra-regular so there exists x,
y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa))γy. Now by using (3), (1), (2) and
(4), we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa
= (yβ(xδ((xβ(aδa))γy)))γa = (yβ((xβ(aδa))δ(xγy)))γa
= ((xβ(aδa))β(yδ(xγy)))γa = ((aβ(xδa))β(yδ(xγy)))γa
= ((aβy)β((xδa)δ(xγy)))γa = ((xδa)β((aβy)δ(xγy)))γa
= ((xδa)β((aβx)δ(yγy)))γa = (((yγy)δ(aβx))β(aδx))γa
= (aβ(((yγy)δ(aβx))δx))γa ∈ (AΓS)ΓA.
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Thus (AΓS)ΓA = A holds. Now by using (3), (1), (4) and (2), we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa
= (yβ(xδ((xβ(aδa))γy)))γa = (yβ((xβ(aδa))δ(xγy)))γa
= ((xβ(aδa))β(yδ(xγy)))γa = ((aβ(xδa))β(yδ(xγy)))γa
= (((yδ(xγy))β(xδa))βa)γa = (((aδx)β((xγy)δy))βa)γa
= (((aδx)β((yγy)δx))βa)γa = (((aδ(yγy))β(xδx))βa)γa
= ((((xδx)δ(yγy))βa)βa)γa = ((((xδx)δ(yγy))β((xβ(aδa))γy))βa)γa
= ((((xδx)δ(yγy))β((aβ(xδa))γy))βa)γa
= ((((xδx)δ(aβ(xδa)))β((yγy)γy))βa)γa
= (((aδ((xδx)β(xδa)))β((yγy)γy))βa)γa
= (((aδ((aδx)β(xδx)))β((yγy)γy))βa)γa
= ((((aδx)δ(aβ(xδx)))β((yγy)γy))βa)γa
= ((((aδa)δ(xβ(xδx)))β((yγy)γy))βa)γa
= (((((yγy)γy)δ(xβ(xδx)))β(aδa))βa)γa
= ((aβ((((yγy)γy)δ(xβ(xδx)))δa))βa)γa ⊆ ((AΓS)ΓA)ΓA ⊆ AΓA.
Hence A = AΓA holds.
(ii) =⇒ (i) is obvious. 
Theorem 5. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-(1, 2)-ideal of S.
(ii) (AΓS)ΓA2 = A and AΓA = A.
Proof. (i) =⇒ (ii) : Let A be a Γ-(1, 2)-ideal of an intra-regular Γ-AG∗∗-groupoid
S, then (AΓS)ΓA2 ⊆ A and AΓA ⊆ A. Let a ∈ A, then since S is an intra- regular
so there exists x, y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa)γy. Now by using
(3), (1) and (4), we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa
= (yβ(xδ((xβ(aδa))γy)))γa = (yβ((xβ(aδa))δ(xγy)))γa
= ((xβ(aδa))β(yδ(xγy)))γa = (((xγy)βy)β((aδa)δx))γa
= (((yγy)βx)β((aδa)δx))γa = ((aδa)β(((yγy)βx)δx))γa
= ((aδa)β((xβx)δ(yγy)))γa = (aβ((xβx)δ(yγy)))γ(aδa) ∈ (AΓS)ΓAΓA.
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Thus (AΓS)ΓA2 = A. Now by using (3), (1), (4) and (2), we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa
= (yβ(xδa))γ((xβ(aδa))γy) = (xβ(aδa))γ((yβ(xδa))γy)
= (aβ(xδa))γ((yβ(xδa))γy) = (((yβ(xδa))γy)β(xδa))γa
= ((aγx)β(yδ(yβ(xδa))))γa
= ((((xβ(aδa))γy)γx)β(yδ(yβ(xδa))))γa
= (((xγy)γ(xβ(aδa)))β(yδ(yβ(xδa))))γa
= (((xγy)γy)β((xβ(aδa))δ(yβ(xδa))))γa
= (((yγy)γx)β((xβ(aδa))δ(yβ(xδa))))γa
= (((yγy)γx)β((xβy)δ((aδa)β(xδa))))γa
= (((yγy)γx)β((aδa)δ((xβy)β(xδa))))γa
= ((aδa)β(((yγy)γx)δ((xβy)β(xδa))))γa
= ((aδa)β(((yγy)γx)δ((xβx)β(yδa))))γa
= ((((xβx)β(yδa))δ((yγy)γx))β(aδa))γa
= ((((aβy)β(xδx))δ((yγy)γx))β(aδa))γa
= (((((xδx)βy)βa)δ((yγy)γx))β(aδa))γa
= (((xβ(yγy))δ(aγ((xδx)βy)))β(aδa))γa
= ((aδ((xβ(yγy))γ((xδx)βy)))β(aδa))γa
= ((aδ((xβ(xδx))γ((yγy)βy)))β(aδa))γa
∈ ((AΓS)ΓA2)ΓA ⊆ AΓA.
Hence AΓA = A.
(ii) =⇒ (i) is obvious. 
Theorem 6. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-interior ideal of S.
(ii) (SΓA)ΓS = A.
Proof. (i) =⇒ (ii) : Let A be a Γ-interior ideal of an intra-regular Γ-AG∗∗-groupoid
S, then (SΓA)ΓS ⊆ A. Let a ∈ A, then since S is an intra- regular so there exists
x, y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa))γy. Now by using (3), (1) and (4),
we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa
= (yβ(xδa))γ((xβ(aδa))γy) = (((xβ(aδa))γy)β(xδa))γy
= ((aγx)β(yδ(xβ(aδa))))γy = (((yδ(xβ(aδa)))γx)βa)δy ∈ (SΓA)ΓS.
Thus (SΓA)ΓS = A.
(ii) =⇒ (i) is obvious. 
Theorem 7. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-quasi ideal of S.
(ii) SΓQ ∩QΓS = Q.
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Proof. (i) =⇒ (ii) : Let Q be a Γ-quasi ideal of an intra-regular Γ-AG∗∗-groupoid
S, then SΓQ ∩ QΓS ⊆ Q. Let q ∈ Q, then since S is an intra- regular so there
exists x, y ∈ S and α, β, γ ∈ Γ such that q = (xα(qγq))βy. Let pδq ∈ SΓQ, for
some δ ∈ Γ, then by using (3), (2) and (4), we have
pδq = pδ((xα(qγq))βy) = (xα(qγq))δ(pβy) = (qα(xγq))δ(pβy)
= (qαp)δ((xγq)βy) = (xγq)δ((qαp)βy) = (yγ(qαp))δ(qβx)
= qδ((yγ(qαp))βx) ∈ QΓS.
Now let qδy ∈ QΓS, then by using (1), (3) and (4), we have
qδp = ((xα(qγq))βy)δp = (pβy)δ(xα(qγq)) = xδ((pβy)α(qγq))
= xδ((qβq)α(yγp)) = (qβq)δ(xα(yγp)) = ((xα(yγp))βq)δq ∈ SΓQ.
Hence QΓS = SΓQ. As by using (3) and (1), we have
q = (xα(qγq))βy = (qα(xγq))βy = (yα(xγq))βq ∈ SΓQ.
Thus q ∈ SΓQ ∩QΓS implies that SΓQ ∩QΓS = Q.
(ii) =⇒ (i) is obvious. 
Theorem 8. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-(1, 2)-ideal of S.
(ii) A is a two-sided Γ-ideal of S.
Proof. (i) =⇒ (ii) : Let S be an intra-regular Γ-AG∗∗-groupoid and let A be a
Γ-(1, 2)-ideal of S, then (AΓS)ΓA2 ⊆ A. Let a ∈ A, then since S is an intra-regular
so there exists x, y ∈ S and β, γ, δ ∈ Γ, such that a = (xβ(aδa))γy. Now let ψ ∈ Γ,
then by using (3), (1) and (4), we have
sψa = sψ((xβ(aδa))γy) = (xβ(aδa))ψ(sγy) = (aβ(xδa))ψ(sγy)
= ((sγy)β(xδa))ψa = ((sγy)β(xδa))ψ((xβ(aδa))γy)
= (xβ(aδa))ψ(((sγy)β(xδa))γy) = (yβ((sγy)β(xδa)))ψ((aδa)γx)
= (aδa)ψ((yβ((sγy)β(xδa)))γx) = (xδ(yβ((sγy)β(xδa))))ψ(aγa)
= (xδ(yβ((aγx)β(yδs))))ψ(aγa) = (xδ((aγx)β(yβ(yδs))))ψ(aγa)
= ((aγx)δ(xβ(yβ(yδs))))ψ(aγa)
= ((((xβ(aδa))γy)γx)δ(xβ(yβ(yδs))))ψ(aγa)
= (((xγy)γ(xβ(aδa)))δ(xβ(yβ(yδs))))ψ(aγa)
= ((((aδa)γx)γ(yβx))δ(xβ(yβ(yδs))))ψ(aγa)
= ((((yβx)γx)γ(aδa))δ(xβ(yβ(yδs))))ψ(aγa)
= (((yβ(yδs))γx)δ((aδa)β((yβx)γx)))ψ(aγa)
= (((yβ(yδs))γx)δ((aδa)β((xβx)γy)))ψ(aγa)
= ((aδa)δ(((yβ(yδs))γx)β((xβx)γy)))ψ(aγa)
= ((((xβx)γy)δ((yβ(yδs))γx))δ(aβa))ψ(aγa)
= (aδ(((xβx)γy)δ(((yβ(yδs))γx)βa)))ψ(aγa) ∈ (AΓS)ΓA2 ⊆ A.
Hence A is a left Γ-ideal of S and by Lemma 2, A is a two-sided Γ-ideal of S.
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(ii) =⇒ (i) : Let A be a two-sided Γ-ideal of S. Let y ∈ (AΓS)ΓA2, then
y = (aβs)γ(bδb) for some a, b ∈ A, s ∈ S and β, γ, δ ∈ Γ. Now by using (3), we have
y = (aβs)γ(bδb) = bγ((aβs)δb) ∈ AΓS ⊆ A.
Hence (AΓS)ΓA2 ⊆ A and therefore A is a Γ-(1, 2)-ideal of S. 
Theorem 9. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-(1, 2)-ideal of S.
(ii) A is a Γ-interior ideal of S.
Proof. (i) =⇒ (ii) : Let A be a Γ-(1, 2)-ideal of an intra-regular Γ-AG∗∗-groupoid
S, then (AΓS)ΓA2 ⊆ A. Let p ∈ (SΓA)ΓS, then p = (sµa)ψs
′
for some a ∈ A,
s, s
′
∈ S and µ, ψ ∈ Γ. Since S is intra-regular so there exists x, y ∈ S and
β, γ, δ ∈ Γ such that a = (xβ(aδa))γy. Now by using (3), (1), (2) and (4), we have
p = (sµa)ψs
′
= (sµ((xβ(aδa))γy))ψs
′
= ((xβ(aδa))µ(sγy))ψs
′
= (s
′
µ(sγy))ψ(xβ(aδa)) = (s
′
µ(sγy))ψ(aβ(xδa))
= aψ((s
′
µ(sγy))β(xδa)) = ((xβ(aδa))γy)ψ((s
′
µ(sγy))β(xδa))
= ((aβ(xδa))γy)ψ((s
′
µ(sγy))β(xδa))
= ((aβ(xδa))γ(s
′
µ(sγy)))ψ(yβ(xδa))
= ((aβs
′
)γ((xδa)µ(sγy)))ψ(yβ(xδa))
= ((aβs
′
)γ((yδs)µ(aγx)))ψ(yβ(xδa))
= ((aβs
′
)γ(aµ((yδs)γx)))ψ(yβ(xδa))
= ((aβa)γ(s
′
µ((yδs)γx)))ψ(yβ(xδa))
= ((aβa)γ((yδs)µ(s
′
γx)))ψ(yβ(xδa))
= ((yβ(xδa))γ((yδs)µ(s
′
γx)))ψ(aβa)
= ((yβ(yδs))γ((xδa)µ(s
′
γx)))ψ(aβa)
= ((yβ(yδs))γ((xδs
′
)µ(aγx)))ψ(aβa)
= ((yβ(yδs))γ(aµ((xδs
′
)γx)))ψ(aβa)
= (aγ((yβ(yδs))µ((xδs
′
)γx)))ψ(aβa)
∈ (AΓS)ΓA2 ⊆ A.
Thus (SΓA)ΓS ⊆ A. Which shows that A is a Γ-interior ideal of S.
(ii) =⇒ (i) : Let A be a Γ-interior ideal of S, then (SΓA)ΓS ⊆ A. Let p ∈
(AΓS)ΓA2, then p = (aµs)ψ(bαb), for some a, b ∈ A, s ∈ S and µ, ψ, α ∈ Γ. Since S
is intra-regular so there exists x, y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa))γy.
Now by using (1), (3) and (4), we have
p = (aµs)ψ(bαb) = ((bαb)µs)ψa = ((bαb)µs)ψ((xβ(aγa))γy)
= (xβ(aγa))ψ(((bαb)µs)γy) = ((((bαb)µs)γy)β(aγa))ψx
= ((aγa)β(yδ((bαb)µs)))ψx = (((yδ((bαb)µs))γa)βa)ψx ∈ (SΓA)ΓS ⊆ A.
Thus (AΓS)ΓA2 ⊆ A.
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Now by using (3) and (4), we have
AΓA ⊆ AΓS = AΓ(SΓS) = SΓ(AΓS) = (SΓS)Γ(AΓS)
= (SΓA)Γ(SΓS) = (SΓA)ΓS ⊆ A.
Which shows that A is a Γ-(1, 2)-ideal of S. 
Theorem 10. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
(i) A is a Γ-bi-ideal of S.
(ii) A is a Γ-interior ideal of S.
Proof. (i) =⇒ (ii) : Let A be a Γ-bi-ideal of an intra-regular Γ-AG∗∗-groupoid S,
then (AΓS)ΓA ⊆ A. Let p ∈ (SΓA)ΓS, then p = (sµa)ψs
′
for some a ∈ A, s, s
′
∈ S
and µ, ψ ∈ Γ. Since S is an intra-regular so there exists x, y ∈ S and β, γ, δ ∈ Γ
such that a = (xβ(aδa))γy. Now by using (3), (1), (4) and (2), we have
p = (sµa)ψs
′
= (sµ((xβ(aδa))γy))ψs
′
= ((xβ(aδa))µ(sγy))ψs
′
= (s
′
µ(sγy))ψ(xβ(aδa)) = ((aδa)µx)ψ((sγy)βs
′
)
= (((sγy)βs
′
)µx)ψ(aδa) = ((xβs
′
)µ(sγy))ψ(aδa)
= (aµa)ψ((sγy)δ(xβs
′
)) = (((sγy)δ(xβs
′
))µa)ψa
= (((sγy)δ(xβs
′
))µ((xβ(aδa))γy))ψa
= (((sγy)δ(xβ(aδa)))µ((xβs
′
)γy))ψa
= ((((aδa)γx)δ(yβs))µ((xβs
′
)γy))ψa
= ((((xβs
′
)γy)δ(yβs))µ((aδa)γx))ψa
= ((aδa)µ((((xβs
′
)γy)δ(yβs))γx))ψa
= ((xδ(((xβs
′
)γy)δ(yβs)))µ(aγa))ψa
= (aµ((xδ(((xβs
′
)γy)δ(yβs)))γa))ψa
∈ (AΓS)ΓA ⊆ A.
Thus (SΓA)ΓS ⊆ A. Which shows that A is a Γ-interior ideal of S.
(ii) =⇒ (i) : Let A be a Γ-interior ideal of S, then (SΓA)ΓS ⊆ A. Let
p ∈ (AΓS)ΓA, then p = (aµs)ψb for some a, b ∈ A, s ∈ S and µ, ψ ∈ Γ. Since S is
an intra-regular so there exists x, y ∈ S and β, γ, δ ∈ Γ such that b = (xβ(bδb))γy.
Now by using (3), (1) and (4), we have
p = (aµs)ψb = (aµs)ψ((xβ(bδb))γy) = (xβ(bδb))ψ((aµs)γy)
= (((aµs)γy)β(bδb))ψx = ((bγb)β(yδ(aµs)))ψx
= (((yδ(aµs))γb)βb)ψx ∈ (SΓA)ΓS ⊆ A.
Thus (AΓS)ΓA ⊆ A.
Now
AΓA ⊆ AΓS = AΓ(SΓS) = SΓ(AΓS) = (SΓS)Γ(AΓS)
= (SΓA)Γ(SΓS) = (SΓA)ΓS ⊆ A.
Which shows that A is a Γ-bi-ideal of S. 
Theorem 11. In an intra-regular Γ-AG∗∗-groupoid S, the following conditions are
equivalent.
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(i) A is a Γ-(1, 2)-ideal of S.
(ii) A is a Γ-quasi ideal of S.
Proof. (i) =⇒ (ii) : Let A be a Γ-(1, 2)-ideal of intra-regular Γ-AG∗∗-groupoid S,
then (AΓS)Γ(AΓA) ⊆ A. Now by using (3) and (4), we have
SΓA = SΓ(AΓA) = SΓ((AΓA)ΓA) = (AΓA)Γ(SΓA) = (AΓS)Γ(AΓA) ⊆ A.
and by using (1) and (3), we have
AΓS = (AΓA)ΓS = ((AΓA)ΓA)ΓS = (SΓA)Γ(AΓA) = (SΓ(AΓA))Γ(AΓA)
= ((SΓS)Γ(AΓA))Γ(AΓA) = ((AΓA)Γ(SΓS))Γ(AΓA) = (AΓS)Γ(AΓA) ⊆ A.
Hence (AΓS) ∩ (SΓA) ⊆ A. Which shows that A is a Γ-quasi ideal of S.
(ii) =⇒ (i) : Let A be a Γ-quasi ideal of S, then (AΓS) ∩ (SΓA) ⊆ A. Now
AΓA ⊆ AΓS and AΓA ⊆ SΓA. Thus AΓA ⊆ (AΓS) ∩ (SΓA) ⊆ A.
Now by using (4) and (3), we have
(AΓS)Γ(AΓA) = (AΓA)Γ(SΓA) ⊆ AΓ(SΓA) = SΓ(AΓA) ⊆ SΓA.
and
(AΓS)Γ(AΓA) = (AΓA)Γ(SΓA) ⊆ AΓ(SΓA) = SΓ(AΓA)
= (SΓS)Γ(AΓA) = (AΓA)Γ(SΓS) ⊆ AΓS.
Thus (AΓS)Γ(AΓA) ⊆ (AΓS)∩ (SΓA) ⊆ A. Which shows that A is a Γ-(1, 2)-ideal
of S. 
Lemma 3. Let A be a subset of an intra-regular Γ-AG∗∗-groupoid S, then A is a
two-sided Γ-ideal of S if and only if AΓS = A and SΓA = A.
Proof. It is simple. 
Theorem 12. For an intra-regular Γ-AG∗∗-groupoid S the following statements
are equivalent.
(i) A is a left Γ-ideal of S.
(ii) A is a right Γ-ideal of S.
(iii) A is a two-sided Γ-ideal of S.
(iv) AΓS = A and SΓA = A.
(v) A is a Γ-quasi ideal of S.
(vi) A is a Γ-(1, 2)-ideal of S.
(vii) A is a Γ-generalized bi-ideal of S.
(viii) A is a Γ-bi-ideal of S.
(ix) A is a Γ-interior ideal of S.
Proof. (i) =⇒ (ii) and (ii) =⇒ (iii) are followed by Lemma 2.
(iii) =⇒ (iv) is followed by Lemma 3, and (iv) =⇒ (v) is obvious.
(v) =⇒ (vi) is followed by Theorem 11.
(vi) =⇒ (vii) : Let A be a Γ-(1, 2)-ideal of an intra-regular Γ-AG∗∗-groupoid
S, then (AΓS)ΓA2 ⊆ A. Let p ∈ (AΓS)ΓA, then p = (aµs)ψb for some a, b ∈ A,
s ∈ S and µ, ψ ∈ Γ. Now since S is an intra-regular so there exists x, y ∈ S and
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β, γ, δ ∈ Γ such that such that b = (xβ(bδb))γy then, by using (3) and (4), we have
p = (aµs)ψb = (aµs)ψ((xβ(bδb))γy) = (xβ(bδb))ψ((aµs)γy)
= (yβ(aµs))ψ((bδb)γx) = (bδb)ψ((yβ(aµs))γx)
= (xδ(yβ(aµs)))ψ(bγb) = (xδ(aβ(yµs)))ψ(bδb)
= (aδ(xβ(yµs)))ψ(bδb) ∈ (AΓS)ΓA2 ⊆ A.
Which shows that A is a Γ-generalized bi-ideal of S.
(vii) =⇒ (viii) is simple.
(viii) =⇒ (ix) is followed by Theorem 10.
(ix) =⇒ (i) is followed by Theorems 9 and 8. 
Theorem 13. In a Γ-AG∗∗-groupoid S, the following conditions are equivalent.
(i) S is intra-regular.
(ii) Every Γ-bi-ideal of S is Γ-idempotent.
Proof. (i) =⇒ (ii) is obvious by Theorem 4.
(ii) =⇒ (i) : Since SΓa is a Γ-bi-ideal of S, and by assumption SΓa is Γ-
idempotent, so by using (2), we have
a ∈ (SΓa) Γ (SΓa) = ((SΓa) Γ (SΓa)) Γ (SΓa)
= ((SΓS) Γ (aΓa)) Γ (SΓa) ⊆
(
SΓa2
)
Γ (SΓS) =
(
SΓa2
)
ΓS.
Hence S is intra-regular. 
Lemma 4. If I and J are two-sided Γ-ideals of an intra-regular Γ-AG∗∗-groupoid
S , then I ∩ J is a two-sided Γ-ideal of S.
Proof. It is simple. 
Lemma 5. In an intra-regular Γ-AG∗∗-groupoid IΓJ = I ∩ J , for every Γ-ideals I
and J in S.
Proof. Let I and J be any Γ-ideals of S, then obviously IΓJ ⊆ I∩J . Since I∩J ⊆ I
and I ∩ J ⊆ J , then (I ∩ J)2 ⊆ IΓJ , also by Lemma 4, I ∩ J is a Γ-ideal of S, so
by Theorem 13, we have I ∩ J = (I ∩ J)
2
⊆ IΓJ . Hence IΓJ = I ∩ J . 
Lemma 6. Let S be a Γ-AG∗∗-groupoid, then S is an intra-regular if and only if
every left Γ-ideal of S is Γ-idempotent.
Proof. Let S be an intra-regular Γ-AG∗∗-groupoid, then by Theorems 12 and 13,
every Γ-ideal of S is Γ-idempotent.
Conversely, assume that every left Γ-ideal of S is Γ-idempotent. Since SΓa is a
left Γ-ideal of S, so by using (2), we have
a ∈ SΓa = (SΓa) Γ (SΓa) = ((SΓa) Γ (SΓa)) Γ (SΓa)
= ((SΓS) Γ (aΓa)) Γ (SΓa) ⊆ (SΓa2)Γ(SΓS) =
(
SΓa2
)
ΓS.
Hence S is intra-regular. 
Lemma 7. In an AG∗∗-groupoid S, the following conditions are equivalent.
(i) S is intra-regular.
(ii) A = (SΓA)2, where A is any left Γ-ideal of S.
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Proof. (i) =⇒ (ii) : Let A be a left Γ-ideal of an intra-regular Γ-AG∗∗-groupoid S,
then SΓA ⊆ A and by Lemma 6, (SΓA)2 = SΓA ⊆ A. Now A = AΓA ⊆ SΓA =
(SΓA)2, which implies that A = (SΓA)2.
(ii) =⇒ (i) : Let A be a left Γ-ideal of S, then A = (SΓA)2 ⊆ AΓA, which
implies that A is Γ-idempotent and by using Lemma 6, S is an intra-regular. 
Theorem 14. For an intra-regular Γ-AG∗∗-groupoid S, the following statements
holds.
(i) Every right Γ-ideal of S is Γ-semiprime.
(ii) Every left Γ-ideal of S is Γ-semiprime.
(iii) Every two-sided Γ-ideal of S is Γ-semiprime
Proof. (i) : Let R be a right Γ-ideal of an intra-regular Γ-AG∗∗-groupoid S. Let
a2 ∈ R and let a ∈ S. Now since S is an intra-regular so there exists x, y ∈ S and
β, γ, δ ∈ Γ such that a = (xβ(aδa))γy. Now by using (3), (1) and (2), we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa = (yβ(xδa))γ((xβ(aδa))γy)
= (xβ(aδa))γ((yβ(xδa))γy) = (xβ(yβ(xδa)))γ((aδa)γy)
= (aδa)γ((xβ(yβ(xδa)))γy) ∈ RΓ(SΓS) = RΓS ⊆ R.
Which shows that R is Γ-semiprime.
(ii) : Let L be a left Γ-ideal of S. Let a2 ∈ L and let a ∈ S now since S is an
intra-regular so there exists x, y ∈ S and β, γ, δ ∈ Γ such that a = (xβ(aδa))γy,
then by using (3), (1) and (4), we have
a = (xβ(aδa))γy = (aβ(xδa))γy = (yβ(xδa))γa
= (yβ(xδa))γ((xβ(aδa))γy) = (xβ(aδa))γ((yβ(xδa))γy)
= (yβ(yβ(xδa)))γ((aδa)γx) = (aδa)γ((yβ(yβ(xδa)))γx)
= (xδ(yβ(yβ(xδa))))γ(aγa) ∈ SΓL ⊆ L.
Which shows that L is Γ-semiprime.
(iii) is obvious. 
Theorem 15. In a Γ-AG∗∗-groupoid S, the following statements are equivalent.
(i) S is intra-regular.
(ii) Every right Γ-ideal of S is Γ-semiprime.
Proof. (i) =⇒ (ii) is obvious by Theorem 14.
(ii) =⇒ (i) : Let S be an intra-regular Γ-AG∗∗-groupoid. Let R be any right Γ-
ideal of S such that R is Γ-semiprime. Since a2ΓS is a right Γ-ideal of S, therefore
a2ΓS is Γ-semiprime. Now clearly a2 ∈ a2ΓS so a ∈ a2ΓS. Now let δ ∈ S, then by
using (3) and (2), we have
a ∈ (aδa)ΓS = (aδa)Γ(SΓS) = SΓ((aδa)ΓS) = (SΓS)Γ((aδa)ΓS)
= (SΓ(aδa))Γ(SΓS) = (SΓ(aδa))ΓS.
Which shows that S is an intra regular. 
Theorem 16. A Γ-AG∗∗-groupoid S is intra-regular if and only if R ∩ L = RΓL,
for every Γ-semiprime right Γ-ideal R and every left Γ-ideal L of S.
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Proof. Let S be an intra-regular Γ-AG∗∗-groupoid and R and L be right and left Γ-
ideal of S respectively, then by Theorem 2, R and L become Γ-ideals of S, therefore
by Lemma 5, R ∩ L = RΓL, for every Γ-ideal R and L, also by Theorem 14, R is
Γ-semiprime.
Conversely, assume that R ∩ L = RΓL for every right Γ-ideal R, which is Γ-
semiprime and every left Γ-ideal L of S. Since a2 ∈ a2ΓS, which is a right Γ-ideal
of S so is Γ-semiprime which implies that a ∈ a2ΓS. Now clearly SΓa is a left
Γ-ideal of S and a ∈ SΓa, therefore let γ ∈ Γ, then by using (4), (1) and (2), we
have
a ∈ ((aγa)ΓS) ∩ (SΓa) = ((aγa)ΓS) Γ (SΓa) ⊆ ((aγa)ΓS) Γ (SΓS)
= ((aγa)ΓS) ΓS = ((aγa) ΓS) ΓS = (SΓS)Γ(aγa)
= (SΓa) Γ (SΓa) = SΓ((SΓa)Γa) = (SΓ (aγa)) ΓS.
Therefore S is an intra-regular. 
Theorem 17. For a Γ-AG∗∗-groupoid S , the following statements are equivalent.
(i) S is intra-regular.
(ii) L∩R ⊆ LΓR, for every right Γ-ideal R, which is Γ-semiprime and every left
Γ-ideal L of S.
(iii) L∩R ⊆ (LR)L, for every Γ-semiprime right Γ-ideal R and every left Γ-ideal
L.
Proof. (i) ⇒ (iii) : Let S be an intra-regular Γ-AG∗∗-groupoid and L, R be any
left and right Γ-ideals of S and let k ∈ L ∩ R, which implies that k ∈ L and
k ∈ R. Since S is intra-regular so there exist x, y in S, and α, β, γ ∈ Γ such that
k = (xα(kγk))βy, then by using (3), (1) and (4), we have
k = (xα (kγk))βy = (kα (xγk))βy = (yα (xγk))βk
= (yα (xγ ((xα(kγk))βy)))βk = (yα ((xα(kγk)) γ (xβy)))βk
= ((xα (kγk))α (yγ (xβy)))βk = ((kα (xγk))α (yγ (xβy)))βk
∈ ((RΓ (SΓL))ΓS) ΓL ⊆ ((RΓL) ΓS) ΓL = (LΓS) Γ (RΓL)
= (LΓR) Γ (SΓL) ⊆ (LΓR) ΓL.
which implies that L ∩R ⊆ (LΓR) ΓL. Also by Theorem 14, L is Γ-semiprime.
(iii)⇒ (ii) : LetR and L be any left and right Γ-ideals of S and R is Γ-semiprime,
then by assumption (iii) and by using (4), (3) and (1), we have
R ∩ L ⊆ (RΓL) ΓR ⊆ (RΓL) ΓS = (RΓL) Γ (SΓS) = (SΓS) Γ (LΓR)
= LΓ ((SΓS) ΓR) = LΓ ((RΓS) ΓS) ⊆ LΓ (RΓS) ⊆ LΓR.
(ii)⇒ (i) : Since a ∈ SΓa, which is a left Γ-ideal of S, and a2 ∈ a2ΓS, which is
a Γ-semiprime right Γ-ideal of S, therefore, a ∈ a2ΓS. Now by using (4), we have
a ∈ (SΓa) ∩
(
a2ΓS
)
⊆ (SΓa) Γ(a2ΓS) ⊆ (SΓS) Γ
(
a2ΓS
)
=
(
SΓa2
)
Γ (SΓS) =
(
SΓa2
)
ΓS.
Hence S is intra-regular. 
A Γ-AG∗∗-groupoid S is called Γ-totally ordered under inclusion if P and Q are
any Γ-ideals of S such that either P ⊆ Q or Q ⊆ P .
A Γ-ideal P of a Γ-AG∗∗-groupoid S is called Γ-strongly irreducible if A∩B ⊆ P
implies either A ⊆ P or B ⊆ P , for all Γ-ideals A, B and P of S.
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Lemma 8. Every Γ-ideal of an intra-regular Γ-AG∗∗-groupoid S is Γ-prime if and
only if it is Γ-strongly irreducible.
Proof. It is an easy consequence of Lemma 5. 
Theorem 18. Every Γ-ideal of an intra-regular Γ-AG∗∗-groupoid S is Γ-prime if
and only if S is Γ-totally ordered under inclusion.
Proof. Assume that every Γ-ideal of S is Γ-prime. Let P and Q be any Γ-ideals of
S, so by Lemma 5, PΓQ = P ∩ Q, and by Lemma 4, P ∩ Q is a Γ-ideal of S, so
is prime, therefore PΓQ ⊆ P ∩ Q, which implies that P ⊆ P ∩ Q or Q ⊆ P ∩ Q,
which implies that P ⊆ Q or Q ⊆ P . Hence S is Γ-totally ordered under inclusion.
Conversely, assume that S is Γ-totally ordered under inclusion. Let I, J and P
be any Γ-ideals of S such that IΓJ ⊆ P . Now without loss of generality assume
that I ⊆ J then
I = IΓI ⊆ IΓJ ⊆ P .
Therefore either I ⊆ P or J ⊆ P , which implies that P is Γ-prime. 
Theorem 19. The set of all Γ-ideals Is of an intra-regular Γ-AG
∗∗-groupoid S,
forms a Γ-semilattice structure.
Proof. Let A, B ∈ Is, since A and B are Γ-ideals of S, then by using (2), we have
(AΓB)ΓS = (AΓB) Γ (SΓS) = (AΓS) Γ (BΓS) ⊆ AΓB.
Also SΓ(AΓB) = (SΓS) Γ (AΓB) = (SΓA) Γ(SΓB) ⊆ AΓB.
Thus AΓB is a Γ-ideal of S. Hence Is is closed. Also using Lemma 5, we have,
AΓB = A ∩ B = B ∩ A = BΓA, which implies that Is is commutative, so is
associative. Now by using Theorem 13, AΓA = A, for all A ∈ Is. Hence Is is
Γ-semilattice. 
Theorem 20. A two-sided Γ-ideal of an intra-regular Γ-AG∗∗-groupoid S is min-
imal if and only if it is the intersection of two minimal two-sided Γ-ideals.
Proof. Let S be an intra-regular Γ-AG∗∗-groupoid and Q be a minimal two-sided
Γ-ideal of S, let a ∈ Q. As SΓ(SΓa) ⊆ SΓa and SΓ(aΓS) ⊆ aΓ(SΓS) = aΓS,
which shows that SΓa and aΓS are left Γ-ideals of S so by Lemma 2, SΓa and aΓS
are two-sided Γ-ideals of S.
Now
SΓ(SΓa ∩ aΓS) ∩ (SΓa ∩ aΓS)ΓS
= SΓ(SΓa) ∩ SΓ(aΓS) ∩ (SΓa)ΓS ∩ (aΓS)ΓS
⊆ (SΓa ∩ aΓS) ∩ (SΓa)ΓS ∩ SΓa ⊆ SΓa ∩ aΓS.
Which implies that SΓa ∩ aΓS is a Γ-quasi ideal so by Theorems 8 and 11,
SΓa ∩ aΓS is a two-sided Γ-ideal.
Also since a ∈ Q, we have
SΓa ∩ aΓS ⊆ SΓQ ∩QΓS ⊆ Q ∩Q ⊆ Q.
Now since Q is minimal so SΓa ∩ aΓS = Q, where SΓa and aΓS are minimal
two-sided Γ-ideals of S, because let I be a Γ-ideal of S such that I ⊆ SΓa, then
I ∩ aΓS ⊆ SΓa ∩ aΓS ⊆ Q,
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which implies that
I ∩ aΓS = Q. Thus Q ⊆ I.
So we have
SΓa ⊆ SΓQ ⊆ SΓI ⊆ I, gives
SΓa = I.
Thus SΓa is a minimal two-sided Γ-ideal of S. Similarly aΓS is a minimal
two-sided Γ-ideal of S.
Conversely, let Q = I∩J be a two-sided Γ-ideal of S, where I and J are minimal
two-sided Γ-ideals of S, then by Theorem 8 and 11, Q is a Γ-quasi ideal of S, that
is SΓQ ∩QΓS ⊆ Q.
Let Q
′
be a two-sided Γ-ideal of S such that Q
′
⊆ Q, then
SΓQ
′
∩Q
′
ΓS ⊆ SΓQ ∩QΓS ⊆ Q, also SΓQ
′
⊆ SΓI ⊆ I
and Q
′
ΓS ⊆ JΓS ⊆ J .
Now
SΓ
(
SΓQ
′
)
= (SΓS) Γ
(
SΓQ
′
)
=
(
Q
′
ΓS
)
Γ (SΓS)
=
(
Q
′
ΓS
)
ΓS = (SΓS) ΓQ
′
= SΓQ
′
implies that SΓQ
′
is a left Γ-ideal and hence a two-sided Γ-ideal by Lemma 2.
Similarly Q
′
ΓS is a two-sided Γ-ideal of S.
But since I and J are minimal two-sided Γ-ideals of S, so
SΓQ
′
= I and Q
′
ΓS = J.
But Q = I ∩ J, which implies that,
Q = SΓQ
′
∩Q
′
ΓS ⊆ Q
′
.
Which give us Q = Q
′
. Hence Q is minimal. 
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